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Angular dependence, blackness and polarization effects in integral conversion electron
Mo¨ssbauer spectroscopy
Szila´rd Sajti,∗ Ferenc Tancziko´, La´szlo´ Dea´k, De´nes L. Nagy, and La´szlo´ Bottya´n
Wigner RCP, RMKI, P.O. Box 49, H-1525, Budapest, Hungary
General expressions of the electron yield in 57Fe integral conversion electron Mo¨ssbauer spec-
troscopy were derived depending on the glancing angle of the γ photons, on the source polarization
and on the isotopic abundance of the source and the absorber (blackness effects) using an expo-
nential escape function of the electrons originating from all Mo¨ssbauer-resonance-related processes.
The present approach provides a firm theoretical basis to determine the alignment and direction of
magnetization in the absorber. The intensity formulae were justified by least squares fits of α−57Fe
spectral intensities measured in linearly and elliptically polarized source and absorber geometries.
The fits reproduce the experimentally set angles with high accuracy. Limits of the current approach
and its relation to other, less complete treatments in the literature are discussed.
PACS numbers: 33.45.+x, 87.64.kx, 95.75.Hi
I. INTRODUCTION
Mo¨ssbauer spectroscopy has been very successful in de-
termination of the alignment and direction of magneti-
zation of buried layers of Fe, the line intensities being
dependent on the angle between the propagation direc-
tion of the γ photons from the source and the hyper-
fine field. Using linearly polarized source we may deter-
mine alignment, and, using circularly polarized radiation,
also the sign of the magnetization component parallel to
the propagation direction1,2. For this reason polarized
Mo¨ssbauer sources were prepared3,4. The so-called filter
technique4 provides almost single-line circularly polar-
ized radiation, resulting in relatively simple spectra, but
uses only a small part of the source intensity. Application
of a split multi-line source1–3, however, results in more
complex spectra, but provides higher intensity.
Due to the relatively shallow escape depth of the con-
version electrons, of typically 5–10 keV initial energy,
conversion electron Mo¨ssbauer spectroscopy (CEMS) is
used for surface and thin film investigations. Not even in
the case of homogeneous magnetization are conventional
(perpendicular incidence) CEMS experiments appropri-
ate to determine an arbitrary direction of the magnetiza-
tion. The relative intensities do not depend on the align-
ment of the magnetization within the sample plane, a fre-
quent case with thin films, in which the shape anisotropy
constraints the magnetization in the sample plane.
The theoretical description of transmission Mo¨ssbauer
spectroscopy is available for quite general cases. How-
ever, in a CEMS experiment, the electron transport
from the Mo¨ssbauer nucleus to the sample surface is
rather complex which renders the calculation of the elec-
tron yield difficult. There exist semi-empirical formulae
(based on Monte-Carlo simulations) providing the prob-
ability of the escape of an electron emitted with a given
energy at a given depth below the surface5, which can
be built into the numerical algorithms, but seemingly do
not allow analytical solutions, which would provide more
thorough insight. As a result, most spectroscopists, when
evaluating CEM spectra, neglect the use of such escape
functions and assume that the sample is very thin. In
case of perpendicular-incidence and non-enriched sam-
ples, this may be justified, unlike for tilted incidence
and for absorbers enriched in the Mo¨ssbauer-active iso-
tope, when polarization- and angle-dependent blackness
effects are appreciable. Even from otherwise quite gen-
eral treatments of multilayer structures, e.g. Ref. 6 dis-
cussion of polarization and blackness effects are miss-
ing. Papers that qualitatively elaborate such effects, e.g.
Ref. 7, leave room for improvement in regard of generality
and mathematical thoroughness. The opposite extreme
is the grazing incidence (approximately below 3◦) CEM
spectroscopy8, for which the theory is well established,
but, as we shall see, at such angles, a different approx-
imation of the theory applies. Moreover, experimental
feasibility of grazing incidence CEMS using radioactive
sources is quite limited due to the fact, that the intensity
is distributed in the complete solid angle, which enables
the use of less than a fraction of ≈ 10−5 of the source’s
activity.
In the last decade several instruments and methods
were devised in our laboratory for CEM polarimetry at
arbitrary (except grazing) angle of incidence and linear
as well as elliptical polarization9–11. The analysis of the
measured spectra with these setups lead us to recog-
nize, that treatment of the blackness effect and polar-
ization of the radiation in the literature for conversion
electron Mo¨ssbauer spectroscopy at small glancing an-
gles and of enriched samples in the resonant isotope is
not satisfactory10. The present paper tries to fill this
gap. Here we derive the CEM spectral intensity in case
of polarized (Mo¨ssbauer) sources, when the γ photons
fall on a homogeneously magnetized sample at arbitrary
(except for grazing) angle of incidence. We will discuss in
detail, under what conditions conversion electron absorp-
tion effects should be accounted for and, correspondingly,
whether or not blackness effect will significantly influence
the resonance line intensities and widths. In particular,
for 57Fe CEM spectroscopy, we will show that, due to
2the limited escape depth of conversion electrons, CEM
samples, even those prepared from enriched 57Fe, can al-
ways be treated in the thin-sample limit, as long as the
incidence of resonant photons is nearly perpendicular.
Conversely, for low- (but not grazing-) angle incidence
an effective thickness can be introduced so that CEM
spectra correspond to transmission spectra measured on
resonant samples of this effective thickness if the reso-
nance line polarization is properly taken into account in
both cases.
II. CEM SPECTRA WITH THE POLARIZED γ
PHOTONS INCIDENT ON THE ABSORBER AT
AN ARBITRARY ANGLE
In the following, concerning nuclear resonance we will
follow the theoretical considerations used in Ref. 12. Here
the case of a single, homogeneous layer will be considered.
Generalization for multilayers is straightforward (see Ap-
pendix A).
The number of detected electrons created by a photon
beam of energy E may be written as:
NCE(D,E) ∝
D∫
0
Tr
(
ρ(z, E)N(z)σ
M
(z, E)
)
W (z)z., (1)
where D is the sample thickness, ρ(z) is the density ma-
trix of the photons at a depth z, N is the density of the
scattering centres, σ is the absorption cross section ten-
sor and upper indexM indicates the nuclear (Mo¨ssbauer)
contribution to the quantity. W (z) is the probability of
a conversion electron to be emitted following the absorp-
tion of an incoming photon at depth z provided that it
reaches the surface of the sample. In the case of differen-
tial CEMS (DCEMS) one should write W (z, Ee), where
Ee is the energy of the emitted electron, and W (z, Ee) is
the escape probability of an electron being emitted with
energy Ee
13. For brevity, unless it may lead to misun-
derstanding, we will omit the energy dependence in the
formulae.
The transfer operator T(z) defined by
|ψ(z)〉 = T(z) |ψ(0)〉 (2)
determines the wave at a depth z from the wave
|ψ(z = 0)〉 at the surface. Accordingly, for the density
matrix we get
ρ(z) = T(z)ρ(0)T
†
(z), (3)
where T
†
denotes the Hermitian adjoint operator of T.
After some permutation and substitution we may write
NCE(D,E) ∝ Tr
(
ρ(0, E)J(D,E)
)
, where (4)
J(D,E) =
D∫
0
T
†
(z, E)σ
M
(z, E)T(z, E)N(z)W (z)z.. (5)
For a single homogeneous layer T(z) has the following
form14 (see also Appendix B):
T(z) = cosh
(
ik0mz sinϑ
)
(I+ R)
+ sinh
(
ik0mz sinϑ
)
m
−1
(I− R),
(6)
where k0 is the wave number in vacuum, ϑ is the glancing
angle of the incoming γ-beam, I denotes the unity ma-
trix, |ψReflected(0)〉 = R |ψ(0)〉 is the reflected wave (with
R being the reflectivity tensor) at the surface of the sam-
ple. Here we introduced the tensor quantity m with the
definition
m =
√
I+
1
sin2 ϑ
χ, (7)
where χ is the dielectric susceptibility tensor. For large
glancing angles ϑ, the reflected beam for γ photons is
weak, i.e. R is negligible compared to the unity matrix.
Consequently
T(z) = cosh
(
ik0mz sinϑ
)
+ sinh
(
ik0mz sinϑ
)
m
−1
= eik0mz sinϑ + sinh
(
ik0mz sinϑ
) (
m
−1
− I
)
.
(8)
For multilayers the resulting transfer matrix is the prod-
uct of single layer T matrices of form (8). For nearly
perpendicular-incidence (ϑ ≈ π2 ) the matrix m will be
the index of refraction matrix n =
√
I+ χ ≈ I + 12χ.
Since the dielectric susceptibility for γ photons is always
small, the inverse of the index of refraction matrix is also
close to the unity matrix, n
−1
≈ I, which leads to the
approximation given in Ref. 15, namely:
T(z) = eik0nz ≈ eik0z ei
1
2k0χz. (9)
For small glancing angles the approximation (9) is not
valid. We may expand, however, m and m
−1
into Taylor-
series:
m = I+
1
2 sin2 ϑ
χ−
1
8 sin4 ϑ
χ
2
+ . . .
m
−1
= I−
1
2 sin2 ϑ
χ+
3
8 sin4 ϑ
χ
2
+ . . . (10)
In first order we get
T(z) ≈ eik0z sin ϑ e
i
2k0χ
z
sinϑ+sinh
(
ik0mz sinϑ
) (
m
−1
− I
)
.
(11)
Higher-order terms are negligible if the eigenvalues of χ
fulfill the condition |χi| < sin
2 ϑ. For 57Fe on resonance
(|χi| / 0.01), therefore the first-order approximation is
valid down to about ϑ ≈3–5◦.
Unless for very small angles, m ≈ I and therefore
m
−1
≈ I. Since in the following, we will not consider graz-
ing incidence and will limit our considerations to ϑ ' 3◦,
3we can neglect the second term sinh(. . . )(m
−1
− I) on the
right side of (11).
The absorption cross-section tensor for a single atom
(molecule, etc.) can be defined as8,16
σ = −
ik0
2N
(
χ− χ
†
)
≈ −
ik0
N
(
n− n
†
)
. (12)
In the following we assume, that the electronic contribu-
tion to the susceptibility χe is isotropic and independent
of the energy around the resonance, therefore
χ(E) = χ
M
(E) + χeI. (13)
Substituting (12) and the first term of (11) into (5),
the CEMS intensity matrix J for a homogeneous layer
becomes:
J(D) = −
∫ D
0
e−i
1
2k0(χ
e∗−χe)
z
sinϑ e−i
1
2k0χ
M † z
sinϑ
ik0
2
(
χ
M
− χ
M †
)
ei
1
2k0χ
M z
sinϑW (z)z.
= − sinϑ
∫ D
0
W (z) e−Nσ
e z
sinϑ
∂
∂z
(
e−i
1
2k0χ
M † z
sinϑ ei
1
2k0χ
M z
sinϑ
)
z. ,
(14)
where ∗ denotes complex conjugation. Introducing
the s = i 12k0z/ sinϑ notation and using the Baker –
Campbell –Hausdorff formula17 the product of the two
matrix exponentials can be written as
e−sχ
M †
esχ
M
= e
s
(
χ
M
−χ
M †
)
− 12 s
2
[
χ
M †
,χ
M
]
+ 112 s
3
[
χ
M
−χ
M†
,
[
χ
M †
,χ
M
]]
+···
.
(15)
For the M1 nuclear transitions, like in 57Fe, for almost all
practical cases the
[
χ
M
, χ
M †
]
= 0 condition is fulfilled
with a good approximation18. Otherwise one has to esti-
mate the contribution of higher-order commutator terms
in (15). In the following, we assume that
[
χ
M
, χ
M †
]
= 0
is fulfilled, therefore we have
J (D,E) =
= − sinϑ
∫ D
0
W (z) e−Nσ
e z
sinϑ
∂
∂z
e−Nσ
M (E)
z
sinϑ z. (16)
=
∫ D
0
W (z)Nσ
M
(E) e
−N
(
σeI+σM (E)
)
z
sinϑ z. . (17)
Not regarding the number of approximations we had to
make in order to obtain eq. (16), the result may seem
to be commonsensical: the sinϑ term in front of the in-
tegral simply takes the reduced cross section of a tilted
sample into account. The number of resonantly absorbed
photons at depth z is given by the derivative term in-
side the integral. For small angles, the photons travel a
longer path z/ sinϑ to reach depth z and therefore they
get absorbed more likely near the surface as compared to
the case of perpendicular-incidence. However, one should
keep in mind, that eq. (16) is only valid for not too small
angles, when the linear approximation in eq. (11) is valid
and the reflection is negligible and
[
χ
M
, χ
M †
]
= 0.
Until now we did not take an essential feature of
the Mo¨ssbauer effect into account, namely the moving
source. The density matrix of the γ-beam emitted by
the Mo¨ssbauer source that moves with velocity v can be
written as
ρ(z = 0, E, v) =
∑
i
ρ
pol
i Li(E, v)
=
∑
i
ρ
pol
i
Γ
2π
1(
E − Ei +
v
c
Ei
)2
+ Γ
2
4
,
(18)
where ρ
pol
i characterizes the intensity ratio and polariza-
tion of the i-th line at position Ei in the energy spec-
trum, Li(E, v) is the (Lorentzian) shape function of the
i-th line, Γ is the line width and c is the speed of light.
Disregarding the background the measured CEMS inten-
sity, as a function of the energy, i.e. of the Mo¨ssbauer
drive velocity can be written as:
ICEMS(D, v) = fSI
∑
i
Tr
(
ρ
pol
i
∫
Li(E, v)J(D,E)E.
)
,
(19)
where fS is Mo¨ssbauer –Lamb factor of the source and I
is the total intensity of the source incident on the sample.
In order to calculate the CEM spectra the knowledge
of the electron escape function W (z) is required. In the
following, we consider 57Fe CEM spectroscopy. The same
treatment may be applied to CEMS on other isotopes.
Liljequist derived semi-empirical formulae based on his
Monte-Carlo simulations5,19. Instead of depth, he used
the ‘equivalent depth in iron’ defined as
t =
̺
̺Fe
z, (20)
where ̺ is the density of the sample and ̺Fe the density of
natural iron at ambient conditions. For a homogeneous
layer, the escape function can be well approximated with
an exponential,
W (z) =W0 e
− t(z)
τ =W0 e
−z ̺
̺Feτ =W0 e
− z
ζ(̺) , (21)
4where W0 ≈ 1.155 and τ ≈ 540 FeA˚. The more general
escape functions are shown in Appendix C. The expo-
nential approximation is advantageous in the parameter
fitting routines, since the computer code based on the ex-
ponential escape function is by two orders of magnitude
faster than the one based on exact formulae, while pro-
viding a rather good approximation. Moreover, the ex-
ponential approximation is easier to handle analytically
in some special cases. Indeed, with (17) and neglecting
σe20, we have
ICEMS(D, v) = a
∑
i
Tr
[
ρ
pol
i
∫
Li(E, v)ζNσ
M
(E) sinϑ
×
(
ζNσ
M
(E) + I sinϑ
)−1(
I− e
−D
(
NσM (E)
sinϑ +
1
ζ
I
))
E.
]
,
(22)
where a =W0fSI.
First let us consider the unpolarized case. Apply-
ing the formula of effective thickness as t = D̺/̺Fe =
DN/NFe, and similarly τ = ζN/NFe and the absorp-
tion coefficient (for natural iron at ambient conditions)
as αM = NFeσ
M , the exponent in eq. (22) can be trans-
formed as follows:
−D
(
NσM (E)
sinϑ
+
1
ζ
)
= −αM t
ταM + sinϑ
ταM sinϑ
. (23)
It may be convenient to interpret the quantity
t′(E, ϑ) = t
ταM (E) + sinϑ
ταM (E) sinϑ
(24)
as a corrected effective thickness10.
In the polarised case for small angles (sinϑ ≈ 0) we
have ζNσ
M
(E)
(
ζNσ
M
(E) + I sinϑ
)−1
≈ I and there-
fore
ICEMS(D, v) = a sinϑ
[
I−
∑
i
Tr
(
ρ
pol
i
∫
Li(E, v)
× e−Nσ
M (E) DsinϑE.
)]
,
(25)
which formally corresponds to the thick sample case in
absorption Mo¨ssbauer spectroscopy, as it was conjectured
in Ref. 7. We should not forget, however, that beside the
above mentioned constraints in deriving (16) and (22),
this approximation is not valid for grazing angles, when
the reflections due to the electronic contribution to the
susceptibility are not negligible.
At nearly perpendicular-incidence, when sinϑ ≈ 1 we
expand the exponent in Taylor series up to the second
order:(
I− e
−D
(
Nσ
M (E)+ 1
ζ
I
))
≈
D
(
Nσ
M
(E) +
1
ζ
I
)
+
1
2
D2
(
NσMi (E) +
1
ζ
)2
+ ...
(26)
In case the second term is negligible compared to the first
one, i.e.
1
2
D2
(
NσMi (E) +
1
ζ
)2
≪ D
(
NσMi (E) +
1
ζ
)
, (27)
where σi is the i-th eigenvalue of σ, and therefore the
intensity expression is
ICEMS(D, v) = aD
∑
i
Tr
(
ρ
pol
i
∫
Nσ
M
(E)Li(E, v)E.
)
,
(28)
which formally corresponds to the thin sample case in
Mo¨ssbauer spectroscopy, as discussed in Ref. 7.
From the above, the condition of the thin absorber
limit in perpendicular-incidence is
D ≪
2
NσMmax +
1
ζ
, (29)
where σMmax is the maximum eigenvalue of the absorption
cross section tensor. This condition means, that D is the
characteristic information depth of the surface of the
sample for CEM spectroscopy; no significant number of
electrons will reach the sample surface from deeper layers
of the sample and/or the photons will not reach a greater
perpendicular depth in the sample.
For multilayers we may follow the same steps (see Ap-
pendix A), the main difference and question will be the
electron escape function, which may become quite com-
plex. The conversion electrons emitted from atoms in dif-
ferent layers should be summed up, taking into account
the proper escape function(s), which probably may be
determined as some examples of Ref. 6 show, but this is
out of the scope of the present paper.
III. THICK SOURCE CASE
Blackness effects in Mo¨ssbauer spectroscopy are not
limited to the absorber. Due to the possible self-
absorption of the emitted photons, additional broaden-
ing may arise21 or, in case of a split multi-line source, the
relative intensities of the emitted lines of the Mo¨ssbauer
source may considerably be modified, provided that γ-
emission occurs relatively deep below the surface of the
source and the substrate of the source contains large
amount of the resonant isotope. In the commercial
Mo¨ssbauer sources the precursor of the resonant isotope
is diffused into the surface layer of the substrate. When
using such sources in perpendicular emission geometry,
blackness effect rarely occur. However, the relative in-
tensities of a split multiline source of α-Fe substrate at
tilted exit of the γ photons, which is studied experimen-
tally and discussed below are considerably modified by
the blackness effects. In the following, we discuss the
case of the thick source.
5Following the same logic as in deriving (3), the density
matrix of the photons emitted by the Mo¨ssbauer source
may be written as
ρ(E) ∝
Ds∫
0
T(z,Ds − z, E)σ
M
(E)T
†
(z,Ds − z, E)Ns(z)z.,
(30)
where Ds is the physical thickness of the substrate of
the source and Ns(z) is the number of the nuclei emit-
ting the resonant photons at depth z, T(z,Ds− z) is the
transfer operator for the source from depth z through a
layer of thickness Ds− z to the surface of the Mo¨ssbauer
source. Generally, the source may not be regarded as
a homogeneous layer in this case. Therefore T should
be calculated somewhat differently, than T in (8). In
principle it may be derived as a product of T matrices
of consecutive infinitesimally thin layers. In the present
case, it may be assumed, that χ
M
only changes due to
the density, the number N57Fe of resonantly absorbing
iron changes, i.e. χ
M
s (z) = χ
M
0 N57Fe(z)/(
∫Ds
0 N57Fe(z)z.),
where χ
M
0 is the average susceptibility in the sample. In
that case, instead of such a product we may express T
using the only the first exponential terms in formulae
(11), i.e. T(z) ≈ eik0z sinϑ ei
1
2k0χ
z
sin ϑ available for homo-
geneous layers, from which we get:
T(z,Ds−z) = e
ik0(Ds−z) sin ϑs e
i 12k0χ
e
s
Ds−z
sinϑs e
i 12k0χ
M
0
Z
sinϑs ,
(31)
where ϑs is the tilt angle of the source, χ
e
s is the electronic
contribution to the susceptibility for the source (assumed
to be constant) and
Z =
Ds∫
z
N57Fe(z)z.
Ds∫
0
N57Fe(z)z.
Ds. (32)
Due to the preparation procedure, it is correct to assume
that Ns(z) follows a diffusion profile, i.e. an expression
containing an error function.
IV. EXPERIMENTS AND THEORY
CEM polarimetric experiments were performed using
α-iron foils, a natural Fe foil of 15 µm thickness as the
substrate of the 57Co(α-Fe) source and a 57Fe foil of
20 µm thickness as the sample. A detailed description
of these experiments was published in Ref. 10. The ex-
perimental spectra are the same here as in Ref. 10, but
here we use a different model function. The emphasis
here is being on the verification of the theory derived in
the present paper.
Linear polarimetric experiments were performed in
perpendicular-incidence geometry, in which the external
magnetic fields on the source (270 mT) and on the sample
(400 mT) were magnetized perpendicular to the propaga-
tion direction. The results of two such measurements are
shown in Fig. 1. where the magnetic fields on the source
and sample are parallel and perpendicular to each other,
respectively.
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FIG. 1. Results of linear polarimetric measurements (cir-
cles) and their fits (full lines) with parallel and perpendicular
source and sample magnetizations. The γ-beam is perpen-
dicular to the plane of the source and of the sample. The
magnetizations are constrained in the plane of the source and
sample, respectively.
Elliptical (close to circular) polarimetric experiments
were performed with a tilted source and a tilted sample,
both magnetized close to their planes the magnetization
vectors and the wave vector laying in the same plane.
Their planes enclosed ϑs = 10
◦ (source) and ϑ = 5◦
(sample) with the propagation direction. The results of
two such CEM experiments are shown in Fig. 2. where
the external magnetic fields on the source (230 mT) and
on the sample (100 mT) were parallel and antiparallel to
each other, respectively.
Having implemented the theory outlined in the for-
mer sections, measured spectra were fitted using the gen-
eral fitting program FitSuite22. The positions and in-
tensities of the Mo¨ssbauer lines (i.e. the contribution of
the resonant absorption to σ(E)) were calculated solving
the eigenvalue problem of the corresponding hyperfine
Hamiltonian. The theory described in Ref. 23 and im-
plemented in the program EFFI24 were adopted in Fit-
Suite and modified to include the theoretical considera-
tions presented above, namely eq. (22).
In the linear polarimetric case the γ-beam is perpendic-
ular to the source and sample planes, therefore no thick-
ness and angle dependence is expected according to (28).
The magnitude and orientations of the hyperfine fields
(see Table I.) were found to agree quite well with the
experimental values, set by the direction of the external
magnetic fields. In this case, the ϑ tilt angles of the sam-
ple and source were not fitted. These spectra depend
on the difference ∆ϕ (= ϕB,sample − ϕB,source) of the az-
imuthal angles of the hyperfine fields in the sample and
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FIG. 2. Results of elliptical polarimetric measurements (cir-
cles) and their fits (full lines) with parallel and antiparal-
lel source and sample magnetizations. The γ-beam enclosed
ϑs = 10
◦ with the plane of the source and ϑ = 5◦ with the
sample. The external magnetic fields were parallel to the lines
of intersection of the scattering plane and the planes of the
sample and the source, respectively.
TABLE I. Essential fitted parameters, linear polarimetry.
ϑB,source and ϑB,sample are the angles enclosed by the hyper-
fine field and the z axis (propagation direction of the γ pho-
tons). ϕB,source and ϕB,sample are the azimuthal angles mea-
sured around the z axis from the x axis being in the plane of
incidence.
Parameter Fitted Expected
|B| 33.05 T ± 0.02 T –
ϑB,source = ϑB,sample 90
◦ (fixed)
ϕB,source 0
◦ (fixed)
Parallel case:
ϕB,sample − ϕB,source -0.2
◦ ± 0.8◦ 0◦
Perpendicular case:
ϕB,sample − ϕB,source 89.8
◦ ± 0.8◦ 90◦
the source, therefore ∆ϕ was the fit parameter. The two
spectra were simultaneously fitted using the constraint
∆ϕperpendicular = ∆ϕparallel+90◦. Indeed, the perpendic-
ular setup was obtained from the parallel one by the rota-
tion of the source polarizer magnet by 90◦. To reproduce
the expected angles we had to assume that the source was
not completely polarized, and that the emitted beam had
a degree of polarization P = 0.98± 0.007. As the source
was not saturated (As the coercive field of bulk bcc Fe is
known not to be able fully saturate in plane an alpha-Fe
foil and to saturate the last few per cents magnetic fields
in the order of 1 T are needed.25), this is expectable, and
the value of P agrees well with the value P = 0.96 ob-
tained in a different experiment in Ref. 9. The partially
polarized source was modelled by using an additional site
in the source with orthogonal (ϕB,source = 90
◦) hyperfine
field of (1−P )/(1+P ) times smaller intensity than that
of the ‘main component’. This results in a source spec-
trum of the desired degree of polarization and, as far as
coherent scattering can be neglected, which is certainly
the case as long as blackness effect plays no significant
role, the contributions of different sites of the source can
be added up incoherently. Indeed, according to our sim-
ulations the change of the sample thickness gives rise to
the change of intensity, but the lineshape of the spectra
remains unchanged.
TABLE II. Essential fitted parameters, elliptical polarime-
try. ϑB,source and ϑB,sample are the angles enclosed by the
hyperfine field and the z axis (propagation direction of the
γ photons). ϕB,source and ϕB,sample are the azimuthal an-
gles measured around the z axis from the x axis being in
the plane of incidence. The magnetizations are assumed to
lie in the source and sample planes, therefore (during fitting)
ϑB,sample and ϑB,source were assumed to be identical with the
corresponding tilt angles ϑ and ϑs, respectively.
Parameter Fitted Expected
Source tilt angle (ϑs) 10.1
◦ ± 0.7◦ 10◦
Sample tilt angle (ϑ) 4.97◦ ± 0.04◦ 5◦
|Bsource| 32.866 T ± 0.017 T –
ϑB,source = ϑs 10
◦
ϕB,source 0
◦ (fixed)
|Bsample| 33.082 T ± 0.002 T –
Parallel case:
ϑB,sample = ϑ 5
◦
ϕB,sample 0
◦ (fixed)
Antiparallel case:
ϑB,sample = ϑ 5
◦
ϕB,sample 180
◦ (fixed)
This is not the case for the nearly circular polarimetric
experiments, where the blackness effect plays an impor-
tant role and therefore the intensity ratios strongly de-
pend on the thickness and tilt angle, as it can be seen
in Figs. 3-4. Without this effect, the intensity ratios of
the spectra of Fig. 2. could not be explained either. The
measured spectra and hyperfine field orientations (Ta-
ble II) could be reproduced relatively well if the degree
of polarization of the source was P = 0.924±0.010. This
is worse, than in the linear polarization case, but it may
be explained with the incomplete saturation by the ex-
ternal magnetic field of 230 mT and by the experimental
geometry: tilted sample and source. The partial polar-
ization of the source here was taken into account also by
an additional site, but here its hyperfine field was chosen
antiparallel (as that belongs to the orthogonal polariza-
tion). In this case, because of the thick tilted source, this
may not result completely correctly the desired polariza-
tion degree, but it can be used, as in an experiment, P
is just an additional calibration parameter. The experi-
mentalist would like to determine the orientation of the
magnetization in the sample.
In fitting the circular polarimetric spectra at a glanc-
ing angle of ϑ = 5◦, when the perpendicular informa-
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FIG. 3. Demonstration of the thickness dependence of the
blackness effect. Results of elliptical polarimetric simulations
with antiparallel source and sample magnetizations for dif-
ferent sample thicknesses (D = 10 nm, . . . , 1 µm). Other
parameters (see Table II) are the same as in the correspond-
ing fitted spectrum plotted in Fig. 2, but the additional site
due to the superparamagnetic iron-oxide on sample surface
was not taken into account and it was asssumed to have a
thin source.
tion depth D is much smaller, than in the perpendicular-
incidence case. We had to take into account an additional
singlet site with isomer shift (0.136 ± 0.070) mm · s−1,
effective thickness (31.5 ± 1.9) Fe57A˚ with Lorentzian
broadening of (17.5 ± 1.4)×Γnat (Γnat=0.097 mm · s−1 is
the width of the natural line broadening) which is most
probably due to a small amount of superparamagnetic
iron oxide on the surface of the absorber. In case of lin-
ear polarimetric measurements this component did not
appear, since in perpendicular-incidence its contribution
to the measured spectrum was much smaller.
The fits of elliptical polarimetric experiments, shown in
Ref. 10 provided two times larger values for (ϑB) angles,
which determine the tilt of the magnetization, than the
values available here in Table II and what is expected
from the experimental arrangement. This clearly shows,
that, instead of the simple model used in Ref. 10, the
angular dependence, blackness and polarization effects
are to be taken into account in a correct evaluation of
CEM spectra, as outlined above.
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FIG. 4. Demonstration of the angular dependence of the
blackness effect. Results of elliptical polarimetric simula-
tions with antiparallel source and sample magnetizations for
D=40 nm thick samples tilted in different angles (ϑ = 1◦,
. . . , 20◦). Other parameters (see Table II) are the same as
in the corresponding fitted spectrum plotted in Fig. 2, but
the additional site due to the superparamagnetic iron-oxide
on sample surface was not taken into account and it was ass-
sumed to have a thin source.
V. SUMMARY
In this paper it was examined, how the CEM spec-
tra may be calculated for thick tilted single or multilayer
samples measured by CEM polarimetry in order to deter-
mine the magnitude and direction of layer magnetization
with high accuracy. We showed, what conditions are to
be fulfilled to justify the different approaches in evalu-
ation: CEM spectra may be regarded, as transmission
Mo¨ssbauer spectra (except for the change of absorption
to emission lines):
• of a thin sample, if the γ photons from the source
are incident on the sample at a large glancing an-
gle or perpendicularly and the condition (29) is ful-
filled;
• of a thick sample, if the γ photons from the source
are incident on the sample at a small glancing an-
gle, which is still greater than what we usually call
grazing incidence.
8These statements are verified for electron escape of a sin-
gle exponential form. Furthermore, we may not regard
the CEM spectra either as a thin or a thick Mo¨ssbauer
spectrum for angles between the two limiting cases, and
in case of grazing incidence. We may use for calcula-
tions the equations: (4) and (16) for intermediate angles
(3◦ / ϑ 6 90◦); (4), (5) and (6) in case of grazing inci-
dence and small glancing angles (ϑ / 3◦).
We made numerous simulations and data fitting, using
the FitSuite code, and we found good agreement between
theoretical and experimental results.
Appendix A: CEM spectra in case of multilayers
Let us assume a sample of n homogeneous layers, and
use the following notations:
• Di is the depth z at which the interface of the i-th
and the i + 1-th layer can be found, D0 = 0 and
Dn = D,
• T i(z) is the transfer operator in the range (Di−1 6
z 6 Di) of the two bounding interfaces of the i-th
layer, T i(Di−1) = I,
• σ
M
i and σ
e
i are the part of the absorption cross
section tensor belonging to Mo¨ssbauer effect and
the electronic contribution to the absorption cross
section for the i-th layer, respectively,
• Ni is the density of the Mo¨ssbauer resonant nuclei
in the i-th layer.
Using this notation the number of detected electrons may
be written as:
NCE(D,E) ∝
n∑
i=1
Tr
(
ρi(E)Ji(E)
)
, where
ρi(E) = T(Di−1, E)ρ(0, E)T
†
(Di−1, E)
Ji(E) =
Di∫
Di−1
T
†
i (z, E)σ
M
i (E)T i(z, E)NiW (z)z. .
(A1)
Using the same approximations and omissions for T i(z)
as in deriving eq. (16) from eq. (5) we may get
Ji(E) =− sinϑ
∫ Di
Di−1
W (z) e−Niσ
e
i
z−Di−1
sin ϑ
×
∂
∂z
(
e−Niσ
M
i (E)
z−Di−1
sin ϑ
)
z. .
(A2)
Applying these expressions and knowing the properW (z)
escape function for the multilayer system the spectra can
be calculated (provided that the approximations leading
to (16) hold).
Appendix B: Transfer matrix
The form of eq. (6) is not readily available in Ref. 14.
Therefore derivation of eq. (6) from formulae of Ref. 14
is presented below. According the equations (A4-A5) of
Ref. 14 we have
T(z) = L
[22]
(I+ R) + L
[21]
(I− R), (B1)
where the 2 × 2 minor matrices of L are defined in (B2)
of Ref. 14, as
L
[21]
= i sinϑF
−1
sinh
(
k0zF
)
, L
[22]
= cosh
(
k0zF
)
,
(B2)
where F =
√
−I sin2 ϑ− χ. Using the definition (7) we
may write F = im sinϑ, and therefore
L
[21]
= m
−1
sinh
(
ik0zm sinϑ
)
, L
[22]
= cosh
(
ik0zm sinϑ
)
.
(B3)
Substituting these minor matrices of L into (B1) we get
(6).
Appendix C: Electron escape function
The electrons are emitted as a result of several sec-
ondary processes after irradiation the sample by γ pho-
tons, which all should be taken into account in the escape
functions. According to Ref. 5 the electron escape prob-
ability from a depth z can be written as:
W (z) =
∑
i
ciWi(z), (C1)
where ci gives the contribution of the i-th process, for
which the escape function isWi(z). The escape function,
using the concept of the equivalent iron depth t instead
of z (definition is given in (20) ) for K, L-M and Auger
electrons, has the form:
Wi (x) =
{
0.74− 2.7x+ 2.5x2 if 0 6 x 6 0.55
0 otherwise
,
(C2)
where x = t
rBethei
and rBethei is the Bethe range (which is
on average the total distance, which an electron travels
until it gets trapped)5. Alternative formulae for K, L-
M and Auger electrons based on Gaussian functions are
available in Refs. 19 and 26:
W (t, Ee) = A(Z,Ee) e
− t
R(Z,Ee) e
−
(
t
1.9R(Z,Ee)
)2
, (C3)
where Z is the atomic number and Ee the energy with
which the electron was emitted from the atom. For
further details regarding the functions A(Z,Ee) and
R(Z,Ee) see Ref. 19. To get the alternative Wi(t) func-
tions of (C2) we have to integrate W (t, Ee) according
9to the electron energies in the corresponding ranges too.
Therefore (C3) is more appropriate for DCEMS prob-
lems, for which (C2) is completely inappropriate.
For photo-electrons the escape function has the form:
Wi(t) =
U∞i
reffi
{
1− 0.5
[
E2(µit)− E2(µi(reffi − t))
]
if 0 6 t 6 reffi
0.5
[
E2(µi(t− reffi ))− E2(µit)
]
if reffi < t
, (C4)
where E2(x) is the second-order exponential integral
function defined by E2(x) =
∫∞
1 h
−2 e−xhh. =
∫ 1
0 e
− x
u u.
27,
reffi is the so-called effective range, µi is absorption coeffi-
cient for the conversion photons, U∞i is a normalization
constant.
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